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1. Introduction: General

General question:

— What effective string theory describes flux tubes in SU(N) gauge theories?

Two cases:

— Open string
— Closed string (torelon)

During the last decade:

— BD, 4D Wlth Z2, Z4, SU(N S 8) (Caselle and collaborators, Gliozzi and collaborators, Kuti and

collaborators, Liischer & Weisz, Majumdar and collaborators, Teper and collaborators)

Recently in D = 2 + 1: Nambu-Goto works well for:

— Fundamental Closed String Spectrum. a a. 5. Bringolts, M. Teper)[arXivihep-lat/0709.0693]

First attempt to extract the D = 3 + 1 torelon spectrum in SU(3):
K. J. Juge, J. Kuti, F. Maresca, C. Morningstar and M. Peardon in [arXiv:hep-lat/0309180]
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1. Introduction: Open-Closed (torelons) flux tubes

Closed flux tube

Open flux tube

1AW
W\

Wi

\L A}
/”4“/ a'h:

(\>
/R

li

TrU (I;t)

(1, 1)



2. Theoretical Predictions: Effective String Theory.

The energy (mass) of a closed flux tube is expected to be described as:

[— o0 .
E, = ol linear confinement
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2. Theoretical Expectations: Nambu-Goto String

— Spectrum:

— (ot + S (22— B52) ¢ (25"

— Described by:

1. The winding number w (w=1),

2. The winding momentum p; = 2mwq/l with ¢ = 0,41, £2,....
3. The transverse momentum p, (p, = 0),

4. N1, and Ny connected through the relation: Ny, — Nr = qw.

Np=> > mng(k)k and Ng=>» >  ngpk)k

k>0nr (k)>0 E'>0ng(k’)>0

— Construction of states:

11 nr (k1 imp, n m i} n 1 ~"m nr(k;,
yret (@l etk gh yratk) g yrrtege) | o)

—kq _

(a - 1 s

(i=1,...,D—2)
Example: a_sa_1a_1|0) - Np =3,Ng=1,¢=2 (w=1)
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3. Lattice Calculation: Lattice Setup

Define the gauge theory on a D = 3, 4 discretized periodic Euclidean
space-time lattice with Lj x L1 X Ly and L; x L X L X Ly sites.

(ZL v, 16 SU( )
We use the standard Wilson Action:
Sp, = 52{1 — NiReTrUp}

B = 2N =2+1), ;V(D_S—l—l)

A = ¢°N
Energies can be calculated using the correlation functions of specific operators:

ct)y = (@'(H)2(0)) = (@7 (0)e™ " @(0))
= [{0]®(0)|vac)|*e™ 0" + > [(n]®@(0)|vac)Pe” Pt =5 |(0]®(0)vac) [P PO
n=1

Excitations can be calculated using the variational technique
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3. Lattice Calculation: Variational Technique

Construct a large basis of Operators (Polyakov loops) ®; : i = 1,2, ... described

by the right quantum numbers

Calculate the correlation function (Matrix) C;(t) = <<I>1-L(t)<1>j(())>
Diagonalise the matrix C~1(t = 0)C(t = a)

Extract the eigenvectors

—Ent)

Extract the correlator for each state (~ e

By fitting the results, we extract the mass (energy) for each state.



3. Lattice Calculation: Correlation Function

Pictorialisation of the Correlation Function
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4. D=2+41



4. D=2-41: Lattice Calculation

— We define our theory on a 30D Euclidean lattice with volume:

L” X LJ_l X LT.

— We use the standard Wilson Action:

1 2N
SL:ﬂZ{l—NReTrUp} with (= —
p

ag?

— Monte Carlo simulations:
— SU((3) at B =21, ay/o ~0.174
— SU(3) at 8 = 40, ay/o ~ 0.087
— SU(4) at 8 =50, ay/o ~ 0.131
— SU(5) at 8 =80, ay/o ~ 0.130
(6)
(6)

— SU(6) at B =80, ay/T ~ 0.172
— SU(6) at B =171, a\/o ~ 0.086
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4. D=2+41: Symmetries

— Flux tube:

— Lattice Symmetry of Rotations in D = 2 + 1 — Reflections on transverse
line
— States are described by the quantum number of Parity P = &

— Need to construct operators trasforming irreducibly under P

— Bosonic String:

— String states can be characterized as irreducible representations of
SO(D — 2).

— In D = 2+ 1 this becomes the transverse parity (P = =+).

: P _ P _
— Under Parity: a_p«— —a_; and a_p+— — a_g

— Even number of phonons — P =+ (a_sa_1 | 0))

— Odd number of phonons — P = — (a_1 | 0))



4. D=2+1: Symmetries: Bosonic String

The seven lowest (¢ =0,1,2) NG energy levels for the w = 1 closed string
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level Ny, Np q P =+ P = —
0 0 0 0 |0)
1 1 0 1 a_1/0)
2 1 1 0 O{_]_d_1|0>
3 2 0 2 04_104_1|0> Oé_2|0>
4 2 1 1 C\c_25¢_1|0> a_la_1&_1|0>
5 2 2 0 OL_254_2|0>, 04_1(1_15{_154_1|0> 04_254_15{_1|0>, ()4_10{_15{_2|0>
6 3 1 2 (1_307_1|0>, 04_1(1_104_1@_1|0> (1_204_154_1|0>




4. D=241: Quantum Numbers: Parity

Parity reflection plane

A |

Example:

We can project onto P = + using operators such as:

®(q), P) = AT { T FETe{ LI} emara/h
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4. D=2-41: Transverse deformations

— ~ 200 operators

Transverse deformations in 2 spatial dimensions:
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4. D=2+41 Results: ¢ =0, P =+
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4. D=2+1 Results: ¢ =2, P =+
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5. D=3+41



5. D=3+1: Lattice Calculation

We define our theory on a 40D Euclidean lattice with volume:

L” XLJ_l XLJ_2 XLT.
We use the standard Wilson Action:

2N
a2

1
SLzﬁz{l—NReTrUp} with (= g
p

Monte Carlo simulations:

— First: SU(3), 8 = 6.0625 with a,/c7 ~ 0.195 (a ~ 0.09fm).

— a — 0: SU(3), 8 = 6.3380 with a,/o; ~ 0.129 (a ~ 0.06fm).
— N — o0: SU(5), 8= 17.630 with a,/o; ~ 0.197 (a ~ 0.09fm).

Our Approach:

— Create a large basis of operators ®; , yp. p, : 1 =1,2..., No, (~ 700).
— (Calculate the correlation matrix

Cijaqa‘]aPRaPP (t) — <®’-L!-,q,J,PR,P'p (t)¢.77Q7J7PR7P'P (O)>

— Use the variational technique to extract correlators of different states.
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5. D=3+1: Symmetries: Flux-Tubes

More complicated structure than D =2 + 1:

— Lattice Symmetry of Rotations about the string axis.

— Cy, Q) Z(R) for zero longitudinal momentum.
— Rotations of 7/2 — angular momentum .J
— Reflections in orthogonal plane (P-Parity)
— Reflections about the mid-point on the principal axis (R-Parity)

— 10 irreducible representations = 10 correlation matrices

— (4, for non-zero longitudinal momentum.

— Rotations of 7/2 — angular momentum J
— Reflections in orthogonal plane (P-Parity)

— 5 irreducible representations = 5 correlation matrices
—~ A1 =(J|=0,4,...4N, Pp =+), Ao = (| J |= 0,4, ...,4N, Pp = —)
S EBE=(J|=1,3,.., 42N + 1)

—B1=(J1]=2,6,..,.4N+2, Pp=+),B2=(|J|=2,6,...4N+2, Pp = —)



5. D=3+41: Symmetries: Bosonic String

Two transverse directions:

— Define a™ , and a_, as (z,y are the transverse directions):

I N - Y
Qa_, = o, i’y

—a_, =a”, —ial,
— Spin J.
— J = #(+) = #(-) |
— P-Parity
— Under P-Parity: aJ_rk<P—P>oz:k & (T_Lki@:k
— R-Parity
— Under R-Parity: osz;P—R@iC
e Example: (a™,a’, £ a”,a_,)|0)
— J =2
_ Pp =+
— Pr =+



5. D=3+1: Quantum Numbers: Parity

‘P-Parity reflection plane R-Parity reflection plane
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Example:




5. D=3+1: Quantum Numbers: Spin

Operator ¢ is given by the trace of path ordered product of blocked links

L
2

Ay

— ——

Y A

We can then form an operator of spin J:

Continuum : ¢(J) = /d@ei‘m@ Lattice : ¢r(J) = Ze“”f Pz

n

Example J = 1:
br(J =1) = ids — dr — idss + don

If dg_g = Tr{ﬂj}
¢L(J:1):Tr{%+iz/z— j}—z%}



5. D=3+41: Operators: Example J =0, Pp =+, Pr =+

Irreducible representation: A;, Pr = +.

Operator before being traced:
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5. D=3+1: Operators: Transverse Deformations

— ~ 700 operators

Transverse deformations in 3 spatial dimensions:

_
— | -
LJ

14 || 15 || 16 17 18 19 21 22 23 24 25 26

v 8
Y
(]
L
e
9
f
1




5. D=3+41 Results: ¢ =0,1,2 Ground States
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5. D=3+1 Results: ¢ = 0 Excitations

9 ! ! ! ! !
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5. D=3+1 Results: ¢ = 1 Excitations
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6. Conclusions

o D=2+1

— Closed flux tube can be well described by Nambu-Goto even to small /!

e D=3+1
— The spectrum is mostly closed to Nambu-Goto down to very small !
— However, some states (As) are far from Nambu-Goto.

— Non-Stringy dynamics of some kind?



